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In order to identify modal parameters with uncertain experimental data, a non-
deterministic identification method based on fuzzy formalism is proposed. The aim is to
provide a degree of confidence in the modal parameters identified.
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1. INTRODUCTION

A structure’s modal parameters can be determined by an analytical or experimental
approach. The results of the two methods show differences that can be attenuated by modal
updating techniques. In the traditional modal updating approach, the experimental data is
considered to be error free with the totality of the error said to come from the model. This
hypothesis is obviously erroneous because, whether identified or not, there are several
sources of error in experimentation [1].

It is therefore important to take the restrained imperfection in the experimental modal
parameters into account. First of all, the uncertainty of these parameters can be introduced
into the modal updating process [2].

Another approach, which is proposed here, deals with the uncertainty earlier in the
correction model process. The uncertainty is directly introduced into the experimental data
(FRFs) in order to take it into account from the identification phase. The aim is also to
provide a degree of confidence in the modal parameters identified.

Generally, imprecision is dealt with by stochastic approaches and in particular by
Monte-Carlo simulations (MCS) [3-5]. Although these simulations are expensive in terms
of CPU time, they are still the reference.

It is proposed to model uncertainties by fuzzy formalism [6] because it enables notions
such as imprecision and uncertainty to be spread to more detailed descriptions such as
vague, incomplete or linguistic quantities.

The development of the identification method is based on the LMA curve-fitting
method [7].

After a brief theoretical review of this method, the uncertain experimental data
modelled with fuzzy numbers is presented. This modelling will help to solve a non-linear
system with fuzzy complex coefficients. Several solving techniques are discussed before
proposing a method based on a first order Taylor development. Finally, the approach
is illustrated with an academic test which, despite not reflecting a realistic situation,
validates the method. The applied results are compared to those given by a Monte-Carlo
approach.
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2. DETERMINISTIC METHOD BASIS

According to the superposition modal principle, the response expression y(t) of a forced
harmonic excitation is given by:

Lo VA
y(t):[v; (jw—sv)+v; G 5vJ.f(t). (1)

This response is written on the n complex eigenvectors s, (with \, and 3, the conjugated)
of the damped structure. The eigenvalues s, are complex too and are expressed as
s, = — a,w, + jw, with a, the eigendamping and w, the eigenfrequency of the associated
conservative structure.

Modes are identified by working in a frequency interval that contains either one isolated
mode or several neighbouring modes. The approximate dynamic response implicating the
n included modes involved in this frequency interval is given by

SN

V=1 (0w —sy)

yru+(jwu + 1, (2)

where u and v are an additional linear contribution representing the effect of modes outside
the frequency interval studied. The curve-fitting technique principle then consists in finding
for each sensor i, the (2n + 2) parameters q; = [u;, v;,(tyi> Svi)v=1,...»] Minimizing the
non-linear function:

F(qj, we, yi) = yilwi) — |:“i + jwe; + z”: t”:| (3)

v=1 (Wi — sy)

when y;(w,) is the measured response on kth frequency in sensor i and t,; = ,; s, f.
After first order linearization, a linear over-determined system which has unknown
complex values is solved. The least-squares solution is given by

A'(q:)A(q)dq; = A7(q)b(q) 4

with q;+; = q; + dg;.
This system is solved by iteration for each sensor until convergence of the (2n + 2)
q; parameters.

3. UNCERTAINTY MEASURE MODELLING

The previous identification principle is a deterministic calculation exploiting the FRFs.
However, in practice, the test conditions cannot generally be reproduced. So, in several sets
of experimental tests, one observes in the FRFs a mode position shift in amplitude as much
as in frequency. To take this shifting into account, it is proposed to model amplitudes and
frequencies measured with fuzzy numbers.

This modelling is presented below on the measured response y; and frequencies w.

3.1. FREQUENCIES UNCERTAINTY

The eigenfrequencies shifting observed in a FRF set is taken into account by introducing
uncertainty into the measured frequencies (Figure 1).
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Figure 1. Frequency uncertainty representation for 4 = 0: —, measured response; - - -, minimal response; —-—*
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Figure 2. Fuzzy frequency wj.

The uncertainty in measured frequencies is modelled by a fuzzy triangular number as
shown in Figure 2.

The fuzzy frequency wy is described by its membership function p(u € [0;1]) which is
defined by levels called a-cuts [8]. The interval of confidence [wf ;; wi g] (L for left and
R for right) is associated with each a-cut. The crisp value w,, corresponds to the
measurement and boundaries [wy 1; W, g] are obtained by uncertainty estimation on the
measured frequencies.

For a fuzzy triangular number, the interval [wy ; wi r] at the a-cut is given by:

o
WL = Wie + Wil 6,1 <F - 1>
“ with « e [0; N, ], (%)

o
WER = Wie + [Wie| |&w &l <1 - E)

where ¢, 1, and ¢, r are the lower and upper percentages representative of the estimated
error on the measured frequency. N, is the number of a-cuts.

3.2. RESPONSE UNCERTAINTY

A fuzzy number for each sensor and each frequency using the same principle models the
uncertain measured response. This modelling replicates the amplitude shifting observed on
the FRFs set (Figure 3).
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Figure 3. Amplitude uncertainty representation for u = 0: —, measured response; - - -, minimal response; - --,

maximal response.

In the same way as in equation (5), the fuzzy response y;* of the sensor i is expressed by:
. o
ViL = Yie T Vi léy.l <M - 1>

o
Vir = Yie + |Vicl &y gl (1 — ]\]a>

where ¢, 1, and ¢, ¢ are the lower and upper percentages representative of the estimated error
on the measured response. N, is the number of a-cuts and y;. the crisp value results of the
measurement.

with o 0 [0; N, ], (6)

4. PROBLEMATICS

Equation (3) is taken again but this time the FRFs are considered uncertain. The (2n + 2)
fuzzy parameters q; are therefore found which minimize the following expression:

\—1

J@g, Wi, ¥7) = —[ + DT + Z - J ()
to solve the fuzzy system after linearization as in equation (4):
A7dgi =b;, t)]

with 474, = ¢ + dqf".
This system is an interval system with fuzzy complex coefficients. Various solutions are
proposed and discussed.

4.1. SUCCESSIVE DETERMINISTIC SOLUTIONS

An initial simple approach to implement consists in solving the system (8) independently
of each a-cut. A left-deterministic identification (for yj, wi) and a right-deterministic
identification (for y%, wg) is achieved for each a-cut as described in section 2. The
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interval [q] 1, qj r] is associated with each solution set on an a-cut. The fuzzy vector 7 is
obtained by taking into account all a-cuts according to the algorithm in Figure 4.

This method has two major disadvantages. It does not always respect either the convexity
criteria or the order relation between the left and the right boundaries. These problems are
due to the fact that left and right solutions are independent of the «-cuts. Besides, solutions
for a given a-cut do not necessarily exist.

4.2. FUZZY ARITHMETIC APPLICATION

A second approach consists in using fuzzy numbers arithmetic in order to directly solve
the fuzzy system (8). Traditionally, the interval system solution is given by the vertex
method [9], which uses the “min” and “max” operators (see Appendix A). The application
of this method therefore gives rise to some problems.

First of all, the fuzzy matrix A* contains by constructions mixed fuzzy numbers, i.e., fuzzy
numbers containing zero. The vertex method is not adapted to fuzzy operations on mixed
fuzzy numbers because it generates discontinuities for some arithmetical operations as
shown for the fuzzy division in the following example.

for X*=[ — 1;2;3]:

- . ©)
(X*)? = [min(XT. XT; X7 X% X% X&) max (X7. X5 X7. X% Xk XR)] -

Figure 5 shows that the division on mixed fuzzy numbers defined by the vertex method
generates discontinuity on the zero.
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Figure 5. Operations on mixed fuzzy numbers: the vertex method.

Figure 6. Illustration of the perturbation principle.

Otherwise, the system (8) is a complex system. It is therefore impossible to use the “min”
and “max” operators of the vertex method because there is no order relation in C.

A solution consists in using the perturbation principle to define fuzzy complex
arithmetical operations (see Appendix B). The perturbation principle (Figure 6) consists in
writing fuzzy numbers X* for each a-cut as a variation (perturbation) in relation to its crisp
value X, as

X*=X,+ A4°X, with X?=X,+ 4°X,, and X% =X.+ 4°Xx. (10)

The fuzzy arithmetical operations can then be defined. The application to the example in
Figure 5 gives the following solutions:

1 1 A*X 5
Ty XS0 2xesx. (1)
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Figure 7. Operations on mixed fuzzy numbers: perturbation principle.

Figure 7 shows that operations on mixed fuzzy numbers defined by the perturbation
method give convex solutions.

For fuzzy complex numbers, the fuzzy number will be broken up according to its real and
imaginary parts as

7" = A* +jB* = (A, + A%A) + j(B, + A°B). (12)

One can then define all arithmetical operations on fuzzy complex numbers from this
formulation and construct the system (8) components A* and b*.

This system is solved by an iterative method. However, iterative schemes coupled with the
fuzzy operations defined by the perturbation method generate problems on fuzzy number
supports. Indeed evolution of the fuzzy numbers support is exponential during iterations.
The fuzzy number support is its width interval base (for x4 = 0). The parameter’s vector
solution is also over-estimated.

In the light of these problems, an approach is proposed that uses the analogy between the
perturbation principle and the first order Taylor development.

5. THE DIFFERENTIATION METHOD

5.1. PRINCIPLE

The writing formulation analogy between the perturbation principle and the first order
Taylor development is described here.
_ For a given function f(x), according to the perturbation principle, the fuzzy function
f* associated with the fuzzy number X* is written as follows:

I =fi+ 2. (13)
The first order development of the function f(x) around the point x, is expressed by:
)
f(x) = f(xo) + & dx + e. (14)

0x

Xo
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The formulations (13) and (14) for x, = x. gives

fe=1(x)
(15)
A f = oI x) dx ~ U) A%x.
0X |y, 0X |y,

5.2. SOLVING THE SYSTEM

It is proposed here to use this analogy to solve the fuzzy identification problem. The
method consists of writing the fuzzy function (7) as the first order development of the
deterministic function (3) according to the uncertain parameters around their crisp values
(deterministic).

The uncertain parameters are the measured responses ji; the measured frequencies
Wi = 2nf,%; the unknown parameters q; = [iif, 7, (1%, 55)v=1. . .nl-
Then the first order development gives

iy oy o o of
LW YD) =1(q; ; —| A%q; + == A%, —| A* . 16
f(qjawka J’z) f(qjcawkc: J’m)"‘aqj ’ q,‘f‘ayl ’ yl+akaC "Vk—‘f_’S ( )
The perturbation principle (13) analogy gives
f; :f(qjm Wies yic)a (17)
of of of
Af=—| A"q; +=| 4A"yi+—| AW, +e. 18
f o, Yt Al A B, A (18)

This system is solved in two stages. First of all, equation (17) is solved which corresponds to
the deterministic calculation shown in section 2. The solution gives the crisp values of the
q; parameters.

Equation (18) solution then determines the parameters’ variations A%q;. As this system is
linear, it is solved in as much time as there are o-cuts.

For each sensor i, the equation system (18) formulation is:

i 1 tlic 1 tnic ] i ]

1 jwee — . . . Au;
! (]ch - Slic) (lec - Slic)2 (lec - Snic) (lec - Snic)2 .
A U;
A“tli
1 ti; 1 tnic
1 jW . : : ic : : nic A%s ;
. (_]ch - Slic) (_]ch - Slic)2 (_]ch - Snic) (_]ch - Snic)2 !
A%,
1 . 1 tlic 1 tnic A
IWpe - - - - o i
L i (.]Wpc - Slic) (JWpc - Slic)2 (prc - Snic) (.]Wpc - Snic)2 B L S B
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Aayi(w c) — JVic + WC Aaw
' J »21 Jch - ch) | !
i : : j[vic ]
=| A*y;i(we) +| — juic + | AWy |+ ¢ (19)
L v=1(.]wkc - Svic) |
Ay + | — o+ 3 e 4o,
iWpe — JVic e \2
" L v=1(JWpc - svic)z_ r
which gives
AL*q; = A%b + .. (20)

The matrix A and intervals’ vector 4%b are constructed from parameters §7 crisp values
identified previously by the solution of equation (17) and variations A4%y; and A%w,
representing measurement uncertainty as defined in section 3. This system (20) is an
over-determinate complex system with 4%q; and 4*b intervals’ vectors.

To be able to solve the system, it is broken up according to its real and imaginary parts.
According to the perturbation principle, the system can be written as

(A, + Al [4%q, + j4%q;] = [4°b, + j4"b; ] (21)

while keeping only first order terms:

[ér_i_ _—éz] [é‘iqz] _ [4‘“" ]
Ai I Ar Auql Aub (22)
II 4"Q = 4*B

The interval calculation gives the parameters’ variations 4°q; solution of this new real
intervals’ system. For each a-cut one solves

A*Q,, = min [(IT'T) " 'TT'4*B,, (IT'TT) 'T‘4*Bg],
(23)
A* Qg = max [(IT'TI) " "IT* 4B, (IT'TT) " 'TT'A*By].

Fuzzy parameters 7 are constructed with the crisp values qj., solution of system (17) and
the variations 4%q;, solution of system (22) as

4 =q;. + 4°q;. (24)

One then knows the fuzzy complex eigenvalues §* and the fuzzy eigenvectors ;.
It is therefore possible to quantify uncertainty and also provide a degree of confidence
from these identified parameters with operators such as area, entropy or specificity [10].

5.3. ALGORITHM

Figure 8 presents the algorithm used.
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Figure 8. Algorithm.

6. APPLICATION

The proposed method is applied to identify the uncertain modal parameters of
a mechanical system with three degrees of freedom (Figure 9).

There are FRF's from three sensors to proceed to the mode identification of this structure.
These FRFs show the presence of three modes (Figure 10).

The uncertainity measurement is considered here by the FRFs shifting in amplitudes as
much as in frequencies. These uncertainties are modelled with fuzzy numbers as shown in
section 3. The lower and upper estimations of error percentage is 20% on amplitudes and
0-5% on frequencies.

Tables 1-3 present the defuzzified eigensolutions (eigenfrequencies, eigendamping and
eigenvectors), a result of the fuzzy identification for the three identified modes. These results
are then compared with the theoretical eigensolutions and the mean values of a MCS.

Since fuzzy numbers are symmetrical around their crisp value, defuzzified numbers
correspond to those crisp values.

Assuming Gaussian distributions, results from Monte-Carlo analysis are characterized
by their mean value and standard deviation (m, ¢). The interval [m — 3a;m + 3] represents
an interval of confidence of 97-5%. The associated fuzzy number is also defined as shown in
Figure 11, the crisp value is given by the mean value m and the boundaries by
[m + Amy; m + Amg] with Am;, = — 36 and Amg = 30.

Generally, CPU time cost is in favour of fuzzy arithmetic. For fuzzy arithmetic, the
CPU time depends on the number of «-cuts and as an example with symmetrical triangular
fuzzy numbers, two o-cuts are sufficient (one for the crisp value and one for the
boundaries). This needs only a deterministic and two variations calculus. But if one wants
a good discretization of the shape function (z shape for example), the number of a-cuts
must be notably increased and CPU time too. For MCS, the CPU time depends on the
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Figure 10. FRFs test structure: —, sensor 1; ---, sensor 2; —-—-, sensor 3.
TasBLE 1
First-mode eigenvalues
Mode 1 Theoretical values Defuzzified values MCS means values
Frequency 3694 Hz 36:936 Hz 36935 Hz
Damping 0-851% 0-851% 0-880%
Vector sensor 1 0-758F93 —0-7315-03} 0-757503 —(-7325-03; 0-763F03 —(-7365931
Vector sensor 2 0-397E01 _(-394E-0-1j 0-397801 —(-394E-01} 0-399E01 _ (-395E-01}
Vector sensor 3 0-599F°-1 _(0-610%°44 0-5995-°1 — 0-6105 01} 0-6035-01 —0-6125°44
TABLE 2
Second-mode eigenvalues
Mode 2 Theoretical values Defuzzified values MCS means values
Frequency 65-18 Hz 65-1784 Hz 65-1771 Hz
Damping 0-126% 0-125% 0-184%
Vector sensor 1 0-975892 _(0-915592 0-974502 _(0-915892 0-971892 —(0-9278924
Vector sensor 2 0-329E92 _ 0-655892} 0-329892 _ 0-655892] 0-325892 _ 0-6615°%;
Vector sensor 3 —0-2345-01 4 0-345801§ —0-2348-01 4 0-345801} —0-232801 4 0-3485-04
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TABLE 3

Third-mode eigenvalues

Mode 3 Theoretical values Defuzzified values MCS means values
Frequency 67-33 Hz 67-333 Hz 67-183 Hz
Damping 0-714% 0-714% 0992%

Vector sensor 1
Vector sensor 2
Vector sensor 3

0273592 —043250%
0-176"0" — 0173501
07070 —0-650%°"

027302 — 0-432502]
—0.176"°" — 0173501
070701 — 0-650"°"

0-47702 — 0-304%°%
—0-195%01 +0-12350%
0-472501 — 0-478501

3
0 : »
-4 . -2 m=0 2 . 4
! 97-5% H
Figure 11. Fuzzy representation from Monte-Carlo results: - - -, Gaussian distribution; — associated fuzzy number.
TaBLE 4

Left, crisp and right values for eigenfrequencies (Hz)

Mode Left Crisp Right Uncertainty area
1 369218 36936 369503 0-01425
2 651629 651784 651938 0-01545
3 67-026 67-333 67-6399 0-30695

wanted precision on the mean value or on the standard deviation. Naturally, the precision
is better and the calculus were expensive. Otherwise, a good precision on standard
deviation is more suitable but is also more expensive. In the present application,
fuzzy analysis was achieved in 10s CPU with 10 a-cuts and Monte-Carlo analysis was
achieved in 6443 s CPU (5500 simulations for a precision of 10~* on mean value and 103
on standard deviation).

A very good correlation between the theoretical and deffuzified identification solutions
are noted.

The fuzzy identification method is also capable of quantifying the uncertainty of
identified eigenvalues and providing an interval of confidence as shown in Table 4 for the
eigenfrequencies. The uncertainty criterion is the area of fuzzy triangular numbers.
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As it was predictable, note that the most important uncertainty on the eigenfrequencies is
located on the third mode. Indeed, the fuzzy identification was chosen to be applied to this
simple case because the deterministic identification behaviour of this structure is known. In
the deterministic case, identification of the first two modes is easy but it is more complex for
identification of the third mode because it is coupled with the second. The fuzzy
identification behaviour clearly illustrates this tendency.

It is the same with the uncertainty area of the other eigenvalues as shown in Figure 12.
The third mode eigensolutions are more sensitive to the uncertain measurement than those
of the two other modes.

Otherwise, one notes a very good correlation of the eigensolutions uncertainty area
between the fuzzy and the MCS approaches.

Although qualitative results are in agreement with the fuzzy identification and MCS
approaches, there are nevertheless differences with the quantitative results. Indeed,

Frequencies Damping
-0 1-0
O MCS ) W Fuzzy

g 08 F m Fuzzy 1 08T 0 mcs
= 2
;_ 06 F =06
= =
£ 04 | E 04|
2 g
o2t o2t

o L] i_l L 0

I 2 3 | 2 3
Mode Mode
Vector sensor 1 Vector sensor 2
1-0 1-0
g 08 g 08
= =
?E" 06 %1 06
£ 04 £ 04
% 0,"} é U"}
0 M 5 02
0 ' 0 ; :
MAage |mage Real 2 T MAage [mage ax L
MCS €al Real | ode MCS 1o Real Real | ae
fuzzy Ncs firrey M fuzzy s Hezzy WMo

Vector sensor 3

0-6

Uncertainty area

3
Image [mage Real Real 1

o, - dc
fuzzy ncs fuzzy w

Figure 12. Eigensolutions normalized uncertainty B; fuzzy; C0; MCS.
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Figure 13. Uncertainties ratio fuzzy/SMC: [ Mode 1; ll Mode 2; 0 Mode 3.

comparison of the fuzzy identification and MCS quantitative results shows that the
uncertainty of the fuzzy identification is under-valued in relation to that of the MCS for
eigenfrequencies and eigendamping while it appears to be overvalued for the eigenvectors.
This phenomenon is underlined by Figure 13 which presents the uncertainties ratio between
the fuzzy identification and the MCS results.

7. CONCLUSION

A modal identification method has been proposed which takes uncertainty on
experimental data into account. This uncertainty is modelled by fuzzy numbers. Difficulties
in solving a fuzzy system have been discussed and an alternative method based on the first
order Taylor development was proposed to solve such system. Finally, the application to
a simple system and the comparison with MCS results validated the approach and therefore
provided a degree of confidence in the modal parameters identified.
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APPENDIX A: VERTEX INTERVAL COMPUTATION

Addition: [a}; ak] + [b};b%k] = [af + b};a%k + b%].
Subtraction: [af;ak] — [b%;b%k] = [af — b%k;ar — b7 ].

Multiplication: [af;a%] x [b};b%] = [min (af, b, ai.bk, ak.b}, az.bR);

o a o o o o o o
max (af, by, ai.bk, ar.bi, ar.br)].

Division:  [a7;a%]/[b7;bk] = [min (af /b, ai/bk, ak/bL, ak/bk);

max(ai /b, ai/bk, ax/bL, ax/bR)].

APPENDIX B: PERTURBATION INTERVAL COMPUTATION

B.1. COMPLEX INTERVALS

Fuzzy complex numbers are broken up according to their real and imaginary parts. Real

interval arithmetic is then applied separately to the real and imaginary parts.
Addition:  I* + B =@ +ib) + @ +id*) = T = @ +if”),
F=a+e, [r=b+d~
Subtraction: A* — B* = (@* + ib*) — (& + id*) = T* = (&* +i]"),
F=u -, f[r=p-a"
Multiplication: A*x B* = (@* + ib*). (&% + id*) = C* = (¢* + if %),
F=u.r -4, f[r=a.d +b
Division: A%/B* = @ + ib*)/@* 4+ id*) = C* = (8* +if "),

& = @+ AN +d7), =0 - ad( +d7).
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Addition: A% + B* = (A, + 4*A) + (B, + 4°B) = (C, + 4°C), (B9)
C.=A.+B, AC,=4"A, + 4B,  ACgr= A"Ag + A"Bg. (B10)
Subtraction: A* — B* = (A, + 4°A) — (B, 4+ 4°B) = (C. + 4*C), (B11)

C.=A.—B, A°C,=4"A,— ABg, ACx=A"Agx—A"B,.  (B12)
Multiplication: A*x B* = (A, + 4%A):(B. + 4°B) = (C, + 4°C), (B13)
C.=A/B,
A*Cy, = min (A, A*B, + B, A" A;; A, A"Bg + B A" Ay;
A A"B, + B, A* Ag; A 4By + B A" Ay),
A*Cr = max (A, 4"B, + B, A A;; A, A"Bg + B A" Ay;
A A"B, + B, A* Ag; A A"By + B A" Ay). (B14)
Division: A%/B* = (A, + 4°A)/(B, + A*B) = (C, + 4*C), (B15)
C.=A/B.,
A*Cp, = min[(B.4* A, — A, A"B,)/B2;(B,4*A, — A, 4"By)/BZ;
(B A" Ag — A A°BL)/BZ;(B.A* Ag — A 4% Ag) /BT,
A*Cg = max [(B.A* Ay — A A°By)/BZ;(B.A* Ay — A A*Bg) /BZ;

(B.4”Ag — A A"By)/BZ; (B, 4" Ag — A A" Ag)/B?]. (B16)
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